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Abstract
We introduce two kinds of structures, called v-structures and t-structures,
on biquandles. These structures are used for colorings of diagrams of virtual
links and twisted links such that the numbers of colorings are invariants. Given
a biquandle or a quandle, we give a method of constructing a biquandle with
these structures. Using the numbers of colorings, we show that Bourgoin’s
twofoil and non-orientable virtual m-foils do not represent virtual links.
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1 Introduction
A virtual link diagram is an oriented link diagram possibly with encircled cross-
ings, called virtual crossings, that are neither positive crossings nor negative
crossings. Two diagrams are equivalent if there is a sequence of the generalized
Reidemeister moves defined in [16], which are generated by moves R1, . . . , R3,
V1, . . . , V4 in Figure 1. The equivalence class of a virtual link diagram is
called a virtual link. Virtual links correspond to stable equivalence classes of
oriented links in the trivial I-bundles over closed orientable surfaces [5, 15, 19].
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A twisted link diagram is a virtual link diagram which may have some bars on
edges. Two diagrams are equivalent if there is a sequence of the extended Rei-
demeister moves defined in [3], which are generated by all moves in Figure 1.
The equivalence class of a twisted link diagram is called a twisted link. (In
[3] the extended Reidemeister moves are illustrated without orientations. Note
that all moves with possible orientations are obtained by combining the moves
in Figure 1. For example, see Figure 2.) Twisted links correspond to stable
equivalence classes of oriented links in oriented 3-manifolds that are orientation
I-bundles over closed but not necessarily orientable surfaces [3].
In this paper we define two kinds of structures on biquandles which are
related to virtual links and twisted links.
Figure 1: The extended Reidemeister moves
A biquandle is a pair (X,R) consisting of a set X and a bijection R : X2 →
X2 satisfying certain conditions corresponding to Reidemeister moves for classi-
cal link diagrams [10, 12, 21] (Section 2). In Section 3 we introduce the notions
of a v-structure V : X2 → X2 and a t-structure T : X → X which are ad-
ditional structures on a biquandle (X,R) related to virtual links and twisted
links. The pair (V, T ) is called a vt-structure of (X,R).
A coloring of a virtual link diagram by a v-structured biquandle (X,R, V )
or a coloring of a twisted link diagram by a vt-structured biquandle (X,R, V, T )
2
Figure 2: Another T1 move
is defined as follows: Let D be a diagram of a virtual link or a twisted link.
The edges of D mean the connected arcs obtained when all the real crossings,
virtual crossings and bars are removed.
Definition 1.1 A coloring of D by (X,R, V ) or (X,R, V, T ) is a map from
the set of edges of D to X such that for each crossing or bar, say v, of D, if
x1, x2, x3, x4 are elements of X assigned the edges around v as in Figure 3 then
(1) R(x1, x2) = (x3, x4) when v is a positive crossing,
(2) R−1(x1, x2) = (x3, x4) when v is a negative crossing,
(3) V (x1, x2) = (x3, x4) when v is a virtual crossing, and
(4) T (x1) = x2 when v is a bar.
We also call a coloring by (X,R, V ) an (X,R, V )-coloring, and a coloring by
(X,R, V, T ) an (X,R, V, T )-coloring.
The concept of a coloring by (X,R, V ) in Definition 1.1 and the following
theorem (Theorem 1.2) were considered in [2]. Refer to [2] for examples.
Figure 3: Colorings
Theorem 1.2 ([2]) If D and D′ are virtual link diagrams representing the
same virtual link, then there is a bijection between the set of colorings of D by
a v-structured biquandle (X,R, V ) and that of D′.
This is generalized to twisted link diagrams.
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Theorem 1.3 If D and D′ are twisted link diagrams representing the same
twisted link, then there is a bijection between the set of colorings of D by a
vt-structured biquandle (X,R, V, T ) and that of D′.
Therefore the number of colorings by a vt-structured biquandle (X,R, V, T )
is an invariant of a twisted link.
Given a biquandle (X0, R0) and automorphisms f and g with f
2 = 1
and fg = gf , we give a method of constructing a vt-structured biquandle
(X,R, Vf , Tg), which we call a twisted product of (X0, R0).
Let (X0, R0) be a biquandle. We use the notation due to [10] such that for
a, b ∈ X0,
R0(a, b) = (ba, a
b),
namely, ba = p1R0(a, b) and a
b = p2R0(a, b), where pi : X0 ×X0 → X0 is the
ith factor projection.
Theorem 1.4 Let (X0, R0) be a biquandle. Let X = X0 ×X0. Define a map
R : X2 → X2 by
R((a1, b1), (a2, b2)) = ((a2a1 , b2
b1), (a1
a2 , b1b2)).
For automorphisms f and g of (X0, R0), define maps Vf : X
2 → X2 and
Tg : X → X by
Vf ((a1, b1), (a2, b2)) = ((f
−1a2, f
−1b2), (fa1, fb1)), and
Tg(a, b) = (g
−1b, ga).
Then the following holds.
(1) (X,R) is a biquandle.
(2) Vf is a v-structure of (X,R).
(3) Suppose that f2 = 1 and fg = gf . Then (Vf , Tg) is a vt-structure of
(X,R).
Definition 1.5 In the situation of Theorem 1.4, we call the biquandle (X,R)
the twisted product biquandle of (X0, R0), and the vt-structured biquandle
(X,R, Vf , Tg) a twisted product of (X0, R0). When f = g = 1, we call the
quadruplet the standard twisted product of (X0, R0).
A quandle is a pair (Q, ∗) consisting of a set Q and a binary operation
∗ : Q × Q → Q, (a, b) 7→ a ∗ b, such that (i) for any a ∈ Q, a ∗ a = a, (ii) for
any a, b ∈ Q, there exists a unique element c with c ∗ b = a, and (iii) for any
a, b, c ∈ Q, (a ∗ b) ∗ c = (a ∗ c) ∗ (b ∗ c) [11, 14, 20]. The dual operation ∗ of ∗ is a
binary operation ∗ : Q×Q→ Q such that a ∗ b = c⇐⇒ c ∗ b = a. In Section 4,
we use Fenn and Rourke’s notation [11]: a ∗ b and a ∗ b are denoted by ab and
ab (or ab
−1
), respectively, and abc means (ab)c, etc.
When (X0, R0) is the biquandle derived from a quandle (Q, ∗), i.e., X0 = Q
and R0(x, y) = (y, x ∗ y), we call the twisted product biquandle (X,R) of
(X0, R0) the twisted product biquandle of (Q, ∗). If f and g are quandle au-
tomorphisms of (Q, ∗), then they are biquandle automorphisms of (X0, R0).
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Suppose that f2 = 1 and fg = gf . A twisted product of (Q, ∗) means a twisted
product (X,R, Vf , Tg) of (X0, R0). The operations R, Vf , Tg on X = Q
2 are
given as follows:
R((a1, b1), (a2, b2)) = ((a2, b2 ∗ b1), (a1 ∗ a2, b1)),
Vf ((a1, b1), (a2, b2)) = ((fa2, fb2), (fa1, fb1)), and
Tg(a, b) = (g
−1b, ga).
When f = g = 1, we have the following definition.
Definition 1.6 The standard twisted product of a quandle (Q, ∗), which we
denote by B(Q, ∗), is a vt-structured biquandle (X,R, V, T ) such that X = Q2
and
R((a1, b1), (a2, b2)) = ((a2, b2 ∗ b1), (a1 ∗ a2, b1)),
V ((a1, b1), (a2, b2)) = ((a2, b2), (a1, b1)), and
T (a, b) = (b, a).
For a quandle (Q, ∗), the number of upper (Q, ∗)-colorings of a virtual link
diagram is an invariant of a virtual link, and so is that of lower (Q, ∗)-colorings
[16]. (A geometric interpretation of the upper/lower knot quandles of a virtual
link is given in [15]. The upper/lower (Q, ∗)-colorings correspond to the ho-
momorphisms from these geometric quandles to (Q, ∗) as in the classical case
[11, 14, 20].)
Let B(Q, ∗) be the standard twisted product of a quandle (Q, ∗).
Theorem 1.7 If D is a twisted link diagram which is equivalent to a virtual
link diagram D′, then the number of B(Q, ∗)-colorings of D is the product of
the number of upper (Q, ∗)-colorings of D′ and that of lower (Q, ∗)-colorings of
D′.
Corollary 1.8 Let (Q, ∗) be a finite quandle with n elements. If the number
of B(Q, ∗)-colorings of a twisted link diagram D is less than n2, then D does
not represent a virtual link.
Proof. Every virtual link diagram has at least n trivial upper (Q, ∗)-colorings
and at least n trivial lower (Q, ∗)-colorings. If D is equivalent to a virtual link
diagram, by Theorem 1.7 there are at least n2 colorings of D by B(Q, ∗).
Using an argument due to [8], Bourgoin [3] showed that the twisted link
diagram illustrated in Figure 4, which we call Bourgoin’s twofoil, does not rep-
resent a classical link. He also defined a twisted link invariant, called the twisted
Jones polynomial, and showed that Bourgoin’s twofoil has the same twisted
Jones polynomial with a certain virtual link diagram (Figures 6 and 7 of [3]).
Thus, as mentioned in [3], one cannot distinguish it from virtual links by use of
the twisted Jones polynomial.
We call a diagram on the left-hand side of Figure 5 a non-orientable virtual
m-foil and denote it by Fm, wherem is the number of the real crossings (m ≥ 1).
When m = 2, it is Bourgoin’s twofoil. It has a realization as a link diagram on
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Figure 4: Bourgoin’s twofoil
a projective plane depicted on the right-hand side of the figure, where the unit
disk is made into a projective plane. By a calculation using induction on m, we
see that the twisted Jones polynomial of Fm is
A−2m(A−4m + (−1)m+1(1 +A2 +A−2)) ∈ Z[A±1,M ].
This polynomial is also the twisted Jones polynomial of a virtual link diagram
obtained when the two bars are removed from Fm. Thus one cannot distinguish
it from virtual links by use of the twisted Jones polynomial.
Figure 5: non-orientable virtual m-foil
In Section 4 we study colorings of the diagram Fm by the standard twisted
product B(Q, ∗), and show the following.
Theorem 1.9 (1) For m > m′ ≥ 1, Fm and Fm′ represent distinct twisted
links.
(2) For m ≥ 1, Fm does not represent a virtual link.
The first assertion of this theorem is also seen by the twisted Jones poly-
nomials. Now we have an infinite family of twisted links which are not virtual
links, but they are not distinguished from virtual links by the twisted Jones
polynomials. This example was suggested the authors by Roger Fenn.
Remark 1.10 Given a quandle (Q, ∗), let X = Q2 and
R((a1, b1), (a2, b2)) = ((a2, b2 ∗ b1), (a1 ∗ a2, b1)),
V ((a1, b1), (a2, b2)) = ((a2, b2), (a1, b1)), and
T (a, b) = (b, a).
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Then (X,R) is a biquandle, and V is a v-structure of (X,R). Since
(T × T )R(T × T )((a1, b1), (a2, b2)) = ((a2 ∗ a1, b2), (a1, b1 ∗ b2)) and
V RV ((a1, b1), (a2, b2)) = ((a2 ∗ a1, b2), (a1, b1 ∗ b2)),
the operation T : X2 → X2 does not satisfy (T × T )R(T × T ) = V RV unless
(Q, ∗) is an involutory quandle, i.e., ∗ = ∗. Thus the quadruplet (X,R, V, T )
is not a vt-structured biquandle and one should not use this for colorings of
twisted links.
We recall the notion of a biquandle, and prepare some lemmas in Section 2.
In Section 3 the definitions of a t-structure and a v-structure are given, and
Theorem 1.4 is proved. Section 4 is devoted to proofs of Theorems 1.3, 1.7 and
1.9.
2 Biquandles
For a set X we denote by Xn the n-fold Cartesian product of X , and denote by
pi : X
n → X the ith factor projection for each i = 1, . . . , n. The composition
g ◦ f of two maps f and g is also denoted by g · f or gf . The identity map
x 7→ x on X is denoted by 1X or 1, and the transposition map (x, y) 7→ (y, x)
on X2 is denoted by τX2 or τ .
The basic idea of a birack was given in [12]. The following is the definition of
a (strong) birack and a (strong) biquandle introduced by R. Fenn, M. Jordan-
Santana and L. Kauffman (Definitions 4.2 and 4.6 of [10]).
Definition 2.1 ([10]) A pair (X,R) of a set X and a bijection R : X2 → X2 is
a birack if the following conditions (B1) and (B2) are satisfied. It is a biquandle
if (B1), (B2) and (B3) are satisfied.
(B1) R satisfies the set-theoretic Yang-Baxter equation, i.e.,
(R × 1)(1×R)(R× 1) = (1×R)(R × 1)(1×R) : X3 → X3.
(B2) For a, b ∈ X , let fa : X → X and f
b : X → X be maps defined by
fa(x) = p1R(a, x) and f
b(x) = p2R(x, b).
Then both fa and f
b are bijections for every a and b of X .
(B3) For every a and b of X ,
(fa)
−1(a) = f (fa)
−1(a)(a) and (f b)−1(b) = f(fb)−1(b)(b).
As in Section 3 of [10] a birack/biquandle operation R : X2 → X2 defines
two binary operations on X ; (a, b) 7→ ba and (a, b) 7→ a
b such that R(a, b) =
(ba, a
b). Refer to [1, 4, 6, 9, 10, 13, 17] for examples of biracks and biquandles.
Let (X,R) and (X ′, R′) be biracks or biquandles. A map h : X → X ′ is
called a homomorphism if (h × h)R = R′(h× h) : X2 → X2. We denote it by
h : (X,R)→ (X ′, R′). An isomorphism is a bijection which is a homomorphism.
Using the notion of a sideways operation due to Fenn, et al. [4, 9, 10], we
can restate Definition 2.1 as follows.
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Definition 2.2 A pair (X,R) consisting of a set X and a bijection R : X2 →
X2 is a birack if the following conditions (B1) and (B2′) are satisfied. It is a
biquandle if (B1), (B2′) and (B3′) are satisfied.
(B1) (R × 1)(1×R)(R× 1) = (1×R)(R × 1)(1×R) : X3 → X3.
(B2′) There is a unique bijection S : X2 → X2 such that for any x1, . . . , x4 ∈ X ,
S(x1, x3) = (x2, x4)⇐⇒ R(x1, x2) = (x3, x4).
(B3′) There is a bijection s : X → X such that for any x ∈ X ,
R(x, s(x)) = (x, s(x)).
We call the bijections S : X2 → X2 and s : X → X above the sideways
operation of R and the shift operation of R, and denote them by sideR and
shiftR, respectively. (Note that if (B2′) holds then a bijection s : X → X in
(B3′) is unique if there exists, since S is unique.) Refer to [4, 9, 10] for sideways
operations.
First we observe that Definitions 2.1 and 2.2 are equivalent, and give some
lemmas on biquandles.
Theorem 2.3 (1) For a bijection R : X2 → X2, the conditions (B2) and (B2′)
are equivalent. (2) For a bijection R : X2 → X2 satisfying (B2), the conditions
(B3) and (B3′) are equivalent.
Proof. (1) Suppose (B2). Define maps S : X2 → X2 and S−1 : X2 → X2
by
S(x, y) = ((fx)
−1(y), p2R(x, (fx)
−1(y))) and
S−1(x, y) = ((fx)−1(y), p1R((f
x)−1(y), x)).
Then SS−1 = S−1S = 1, and S(x1, x3) = (x2, x4) ⇐⇒ R(x1, x2) = (x3, x4).
Let S′ : X2 → X2 be another bijection such that S′(x1, x3) = (x2, x4) ⇐⇒
R(x1, x2) = (x3, x4). For any x, y ∈ X , since fx is bijective, we have p1S(x, y) =
p1S
′(x, y). Then p2S(x, y) = p2R(x, p1S(x, y)) = p2R(x, p1S
′(x, y)) = p2S
′(x, y).
Thus S = S′.
Suppose (B2′). The inverse maps of fa and f
b are obtained by
(fa)
−1(x) = p1S(x, a) and (f
b)−1(x) = p1S
−1(b, x).
(2) Suppose (B3). Let s : X → X and s−1 : X → X be maps defined by
s(x) = (fx)
−1(x) and s−1(y) = (fy)−1(y).
Since s(x) = (fx)
−1(x) = f (fx)
−1(x)(x) = f s(x)(x), we have R(x, s(x)) =
(x, s(x)). Since s−1(y) = (fy)−1(y) = f(fy)−1(y)(y) = fs−1(y)(y), we have
R(s−1(y), y) = (s−1(y), y). Then s : X → X and s−1 : X → X are the
inverse maps of each other.
Suppose (B3′). Since R(a, s(a)) = (a, s(a)), we have (fa)
−1(a) = s(a) =
f (fa)
−1(a)(a). Since R(s−1(b), b) = (s−1(b), b), we have (f b)−1(b) = s−1(b) =
f(fb)−1(b)(b).
Now one may use Definition 2.2 instead of Definition 2.1.
We give some lemmas on biquandles, which are also valid for biracks.
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Lemma 2.4 (1) If (X,R) is a biquandle, then (X,R−1) is a biquandle with
sideR−1 = τ · sideR · τ and shiftR−1 = shiftR.
Proof. Since R−1 × 1 = (R × 1)−1 : X3 → X3, the map R−1 satisfies the
set-theoretic Yang-Baxter equation. Put S′ = τ · sideR · τ . Then S′(x3, x1) =
(x4, x2) ⇐⇒ sideR(x1, x3) = (x2, x4) ⇐⇒ R(x1, x2) = (x3, x4) ⇐⇒ (x1, x2) =
R−1(x3, x4). The uniqueness of S
′ follows from that of sideR. Let s = shiftR.
Since R(x, s(x)) = (x, s(x)), we have R−1(x, s(x)) = (x, s(x)).
Lemma 2.5 If (X,R) is a biquandle, then (X, τRτ) is a biquandle with side(τRτ) =
(sideR)−1 and shift(τRτ) = (shiftR)−1.
Proof. It is obvious that τRτ is bijective. For simplicity we denote by
τ1, τ2, R1 and R2 the maps τ×1, 1×τ, R×1 and 1×R, respectively. Noting that
τ1τ2τ1 = τ2τ1τ2 and R1τ2τ1 = τ2τ1R2, we see that (τ1R1τ1)(τ2R2τ2)(τ1R1τ1) =
τ1τ2τ1R1R2R1τ1τ2τ1 and (τ2R2τ2)(τ1R1τ1)(τ2R2τ2) = τ2τ1τ2R2R1R2τ2τ1τ2. Thus
R1R2R1 = R2R1R2 implies that
(τ1R1τ1)(τ2R2τ2)(τ1R1τ1) = (τ2R2τ2)(τ1R1τ1)(τ2R2τ2).
So τRτ satisfies the set-theoretic Yang-Baxter equation. τRτ(x1, x2) = (x3, x4)
⇐⇒ R(x2, x1) = (x4, x3)⇐⇒ sideR(x2, x4) = (x1, x3)⇐⇒ (sideR)
−1(x1, x3) =
(x2, x4). Thus side(τRτ) = (sideR)
−1. (The uniqueness of side(τRτ) follows
from that of sideR.) Let s = shiftR. Since R(x, s(x)) = (x, s(x)) for every
x ∈ X , we have τT τ(s(x), x) = (s(x), x). Thus shift(τRτ) = (shiftR)−1.
Lemma 2.6 Let (X,R) and (X ′, R′) be biquandles, and let f : X → X ′ be a
map. The following three conditions are mutually equivalent.
(i) f is a homomorphism from (X,R) to (X ′, R′).
(ii) f is a homomorphism from (X,R−1) to (X ′, R′−1).
(iii) f is a homomorphism from (X, τRτ) to (X ′, τR′τ).
Proof. Since (f × f)R = R′(f × f) ⇐⇒ R′−1(f × f) = (f × f)R−1, we
have (i) ⇐⇒ (ii). Since (f × f)R = R′(f × f) ⇐⇒ τ(f × f)Rτ = τ(f × f)R′τ
⇐⇒ (f × f)τRτ = (f × f)τR′τ , we have (i) ⇐⇒ (iii).
Lemma 2.7 Let (X1, R1) and (X2, R2) be biquandles. Let R : (X1 ×X2)
2 →
(X1 ×X2)
2 be a map defined by
R((a1, b1), (a2, b2)) = ((p1R1(a1, a2), p1R2(b1, b2)), (p2R1(a1, a2), p2R2(b1, b2)).
Then (X1 × X2, R) is a biquandle. Moreover, if fi : (Xi, Ri) → (Xi, Ri) (i =
1, 2) are homomorphisms, then f1 × f2 : (X1 × X2, R) → (X1 × X2, R) is a
homomorphism.
Proof. The operation R satisfies the set-theoretic Yang-Baxter equation,
since R1 and R2 do. The sideways operation S of R is given by
S((a1, b1), (a3, b3)) = ((p1S1(a1, a3), p1S2(b1, b3)), (p2S1(a1, a3), p2S2(b1, b3)),
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where S1 and S2 are the sideways opetations of R1 and R2. The shift operation
s of R is given by
s((a, b)) = (s1(a), s2(b)),
where s1 and s2 are the shift opetations of R1 and R2. It is obvious that f1×f2
is a homomorphism.
We call the biquandle (X1 × X2, R) in Lemma 2.7 the direct product of
(X1, R1) and (X2, R2).
3 v- and t-Strucures on biquandles
First we introduce the notion of a v-structure.
Definition 3.1 (cf. [2]) Let (X,R) be a biquandle. A bijection V : X2 → X2
is a v-structure of (X,R) if the following conditions are satisfied.
(1) (X,V ) is a biquandle.
(2) V 2 = 1 : X2 → X2.
(3) (V × 1)(1× V )(R × 1) = (1 ×R)(V × 1)(1× V ) : X3 → X3.
We call (X,R, V ) a v-structured biquandle.
A v-structure is used for colorings of virtual link diagrams.
Example 3.2 Let (X,R) be a biquandle. Let V be the transposition τ : X2 →
X2, (x, y) 7→ (y, x). It is a v-structure. A biquandle with this v-structure is used
for colorings of virtual link diagrams in [6, 10, 13, 18], etc.
Example 3.3 Let (X,R) be a biquandle. Let f : (X,R) → (X,R) be an au-
tomorphism. Let V : X2 → X2 be a map defined by V (x1, x2) = (f
−1x2, fx1).
It is a v-structure. A biquandle with this structure is called a virtual biquandle.
See [17] and Definition 3.3 of [7].
We introduce the notion of a t-structure, or a vt-structure, which is related
to twisted links.
Definition 3.4 Let (X,R, V ) be a v-structured biquandle. A bijection T :
X → X is a t-structure of (X,R, V ) if the following conditions are satisfied.
(1) T 2 = 1.
(2) V (T × 1) = (1× T )V .
(3) (T × T )R(T × T ) = V RV .
We call (X,R, V, T ) a vt-structured biquandle, and (V, T ) a vt-structure of (X,R).
Since V 2 = 1, the condition (2) of Definition 3.4 is equivalent to that V (1×
T ) = (T × 1)V .
Proof of Theorem 1.4. (1) By Lemma 2.5, when (X0, R0) is a biquandle,
so is (X0, τR0τ). By Lemma 2.7, (X,R) is a biquandle, since it is the direct
product of (X0, R0) and (X0, τR0τ). (2) It follows from Lemmas 2.6 and 2.7
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that f × f : X = X0 × X0 → X = X0 × X0 is an automorphism of (X,R).
By Example 3.3 we have (2). The assertion (3) is verified by direct calculation,
which is left to the reader.
4 Proof of Theorems
In this section we prove Theorems 1.3, 1.7 and 1.9.
Proof of Theorem 1.3. Let ∆ be a 2-disk where a move in Figure 1 transforms
D to D′. For each move, there is a bijection of the colorings of D and D′ such
that the corresponding colorings are the identical outside ∆. When the move
is of type R1, R2 or R3, it follows from that (X,R) is a biquandle [10]. When
the move is of type V1, V2 or V3, it follows from that (X,V ) is a biquandle
and V 2 = 1. The case of V4 follows from the equality (V × 1)(1× V )(R× 1) =
(1×R)(V × 1)(1×V ). The case of type T1 follows from V (T × 1) = (1×T )V .
The case of type T2 follows from T 2 = 1. The case of type T3 follows from
(T × T )R(T ×R) = V RV .
Proof of Theorem 1.7. Let B(Q, ∗) = (X,R, V, T ). By Theorem 1.3 it is
sufficient to show that for a virtual link diagram D there is a bijection between
the set of (X,R, V, T )-colorings of D, denoted by Col(D, (X,R, V, T )), and the
Cartesian product of Colu(D, (Q, ∗)) and Coll(D, (Q, ∗)), where Colu(D, (Q, ∗))
is the set of upper (Q, ∗)-colorings of D and Coll(D, (Q, ∗)) is the set of lower
(Q, ∗)-colorings of D. Since D is a virtual link diagram, an (X,R, V, T )-coloring
of D is nothing more than an (X,R, V )-coloring of D. Let c : E(D)→ X be an
(X,R, V )-coloring ofD, where E(D) is the set of edges ofD. Let cu : E(D)→ Q
and cl : E(D)→ Q be the maps defined by cu = p1c and c
l = p2c where pi is the
ith factor projection X = Q2 → Q. Then cu is an upper (Q, ∗)-coloring of D,
and cl is a lower (Q, ∗)-coloring of D. Conversely for any upper (Q, ∗)-coloring
cu and any lower (Q, ∗)-coloring cl, the map c = (cu, cl) : E(D) → X is an
(X,R, V )-coloring of D.
In order to prove Theorem 1.9, we give a proposition on B(Q, ∗)-colorings
of the non-orientable virtual m-foil Fm.
Let (Q, ∗) be a quandle and B(Q, ∗) the standard twisted quandle. Consider
a B(Q, ∗)-coloring of the diagram Fm and let x, y, z and w be elements of Q
2
given the edges as depicted in Figure 5. Put x = (x1, x2) and y = (y1, y2) ∈ Q
2.
Proposition 4.1 In this situation, x1 and y1 satisfy
x1 = x
(y1x1)
m
1 and y1 = y
(x1y1)
m
1 . (1)
And x2 and y2 are determined by{
x2 = y
(x1y1)
n
1
y2 = x
(y1x1)
n−1y1
1
if m = 2n, and
{
x2 = x
(y1x1)
ny1
1
y2 = y
(x1y1)
n
1
if m = 2n+ 1.
(2)
Conversely, for any elements x1 and y1 of Q satisfying (1), there exists a unique
B(Q, ∗)-coloring of Fm.
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Proof. The standard twisted product of a quandle is given by
R((x1, x2), (y1, y2)) = ((y1, y
x2
2 ), (x
y1
1 , x2)).
Applying that m times, we have
(z, w) = ((x
(y1x1)
n−1y1
1 , x
(y2x2)
n
2 ), (y
(x1y1)
n
1 , y
(x2y2)
n−1x2
2 )) if m = 2n, (3)
and
(z, w) = ((y
(x1y1)
n
1 , y
(x2y2)
nx2
2 ), (x
(y1x1)
ny1
1 , x
(y2x2)
n
2 )) if m = 2n+ 1. (4)
Since (x, y) = V (T × T )(z, w), we have{
x1 = y
(x2y2)
n−1x2
2 , x2 = y
(x1y1)
n
1
y1 = x
(y2x2)
n
2 , y2 = x
(y1x1)
n−1y1
1
if m = 2n, (5)
and {
x1 = x
(y2x2)
n
2 , x2 = x
(y1x1)
ny1
1
y1 = y
(x2y2)
nx2
2 , y2 = y
(x1y1)
n
1
if m = 2n+ 1. (6)
From (5) and (6) we have (2), and eliminating x2 and y2 we have (1). Conversely,
for any elements x1 and y1 of Q satisfying (1), let x2 and y2 be as in (2). Then
x = (x1, x2) and y = (y1, y2) satisfy (5) and (6). Thus we have a coloring.
For a quandle (Q, ∗), let ∆m(Q, ∗) denote a subset
{(a, b) ∈ Q2 | a = a(ba)
m
, b = b(ab)
m
} (7)
of Q2.
Corollary 4.2 For any quandle (Q, ∗), assigning (x1, y1) to a B(Q, ∗)-coloring
of Fm as in Proposition 4.1 is a bijection from Col(Fm,B(Q, ∗)), the set of
B(Q, ∗)-colorings of Fm, to ∆m(Q, ∗).
Proof of Theorem 1.9. (1) Let (Q2m, ∗) be the dihedral quandle of order
2m, i.e., Q2m = Z/2mZ and a ∗ b = 2b− a. It is easily seen that ∆m(Q2m, ∗) =
(Q2m)
2. Thus, by Corollary 4.2, #Col(Fm,B(Q2m, ∗)) = #∆m(Q2m, ∗) =
4m2. On the other hand, if m > m′ ≥ 1, then ∆m′(Q2m, ∗) 6= (Q2m)
2, for
(1, 0) ∈ (Q2m)
2 does not belong to ∆m′(Q2m, ∗). Hence, by Corollary 4.2
again, #Col(Fm′ ,B(Q2m, ∗)) = #∆m′(Q2m, ∗) < 4m
2. Therefore Fm and Fm′
represent distinct twisted link.
(2) Let (Q2m+1, ∗) be the dihedral quandle of order 2m+ 1. Since (1, 0) ∈
(Q2m+1)
2 does not belong to ∆m(Q2m+1, ∗), we have ∆m(Q2m+1, ∗) 6= (Q2m+1)
2.
By Corollary 4.2, #Col(Fm,B(Q2m+1, ∗)) = #∆m(Q2m+1, ∗) < #(Q2m+1)
2.
By Corollary 1.8, Fm does not represent a virtual link.
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